Abstract. We prove the Novikov conjecture on oriented Cheeger spaces whose fundamental group satisfies the strong Novikov conjecture. A Cheeger space is a stratified pseudomanifold admitting, through a choice of ideal boundary conditions, an L 2 -de Rham cohomology theory satisfying Poincaré duality. We prove that this cohomology theory is invariant under stratified homotopy equivalences and that its signature is invariant under Cheeger space cobordism. Analogous results, after coupling with a Mischenko bundle associated to any Galois covering, allow us to carry out the analytic approach to the Novikov conjecture: we define higher analytic signatures of a Cheeger space and prove that they are stratified homotopy invariants whenever the assembly map is rationally injective. Finally we show that the analytic signature of a Cheeger space coincides with its topological signature as defined by Banagl.
Introduction
Which expressions in the rational Pontryagin characteristic classes are homotopy invariant? Novikov showed that for a simply connected smooth manifold, X, the only answer is the L-genus, 1 which by Hirzebruch's theorem computes the signature
L(X), [X] = σ(X).
For a non-simply connected manifold, X, we can construct the 'higher signatures' in term of the classifying map r : X −→ Bπ 1 X, Theorem 1. Every Cheeger space X has a signature, depending only on the stratified homotopy class of X and invariant under Cheeger space-cobordism. If the fundamental group of X satisfies the strong Novikov conjecture, then X satisfies the Novikov conjecture.
In more detail, we start in §1 by recalling the resolution of a stratified space with a Thom- Mather stratification, what we term a smoothly stratified space. It is on these spaces that we have developed the Hodge/de Rham theory in [ALMP13] . These cohomology groups depend on a choice of geometric data at singular strata, which we refer to as a mezzoperversity because the resulting groups lie, in a certain sense, between the 'lower middle perversity' and 'upper middle perversity' groups of Goresky-MacPherson.
In §2 we allow twisting by a flat vector bundle and consider the resulting de Rham operators. Importantly, since we will carry out the 'analytic approach' to the Novikov conjecture, we consider the effect of twisting the de Rham operator by a bundle of projective finitely generated modules over a C * -algebra. Indeed, if Γ is a countable, finitely generated, finitely presented group, and X ′ −→ X a Γ covering, then the action of Γ on X ′ and on C * r Γ, the reduced C * -algebra of Γ, produce a flat bundle over X with typical fiber C * r Γ. If r : X −→ BΓ is the classifying map of the Γ covering we denote this bundle by G (r) and the corresponding 'higher' de Rham operator by ð G (r) dR . We prove that for any choice of mezzoperversity there is an associated domain for ð G (r) dR which is closed, self-adjoint, and C * r Γ-compactly included in L 2 (X; Λ * iie T * X ⊗ G (r)). In §3 we show that the cohomology associated to a mezzoperversity, possibly twisted by a flat bundle, is a stratified homotopy invariant. The main difficulty is that if F : X −→ M is a stratified homotopy equivalence, the corresponding pull-back of differential forms is generally not a bounded operator on L 2 -differential forms. We get around this by using the 'Hilsum-Skandalis replacement' of F, HS(F ), which is a bounded map on L 2 -forms. The trade-off is that we must work much harder to understand how this replacement map behaves on the domains of the twisted de Rham operators.
Section 4 is where we begin working with the signature of a Cheeger space. At first, this is defined using a self-dual mezzoperversity and an adapted metric. We prove an analytic analogue of a cobordism result of Banagl [Ban06b] and use it to show that the signature is independent of both the mezzoperversity and the metric. Together with the stratified homotopy invariance of the de Rham cohomology, this shows that the signature only depends on the stratified homotopy class of a Cheeger space, and is invariant under Cheeger space-cobordism.
We also use the results of [ALMP13] to show that the signature operator with domain given by a self-dual mezzoperversity defines a K-homology class. The higher signature operator ð G (r) sign defines a class in K * (C * r Γ) and we show that this class, its C * r Γ-index, is related to the K-homology class of the 'lower' signature operator via the 'assembly map' β.
In §5 we follow Thom's procedure to define a homology L-class using the signature of submanifolds or, in our case, subspaces transversal to the stratification. We extend a result of Moscovici-Wu from the setting of Witt spaces to show that the Chern character of the K-homology class of the 'lower' signature operator is equal to this L-class. Using this class we define the higher signatures of a Cheeger space and we prove that, whenever the assembly map β is rationally injective, the higher signatures are stratified homotopy invariant, i.e., the Novikov conjecture.
Finally in section §6 we prove that the analytic signature of a Cheeger space coincides with its topological signature as defined by Banagl.
Smoothly stratified spaces, iie metrics, and mezzoperversities
There are many notions of stratified space [Klo09] . Most of them agree that a stratified space X is a metrizable and separable topological space endowed with a locally finite (disjoint) decomposition
whose elements, called strata, are locally closed and verify the frontier condition:
This condition basically says that the closure of a stratum is a union of strata and naturally induces a partial order on the strata. The depth of a stratum Y is the largest integer k such that there is a chain of strata Y = Y k , . . . , Y 0 with Y j ⊂ Y j−1 for 1 ≤ j ≤ k. The maximal depth among the strata of X is called the depth of X as a stratified space.
Where the definitions differ is on how much regularity to impose on the strata and how the strata 'fit together'. We will always assume that the strata are smooth open manifolds, and that if the closures of two strata meet, then those two strata have different dimensions. We assume that there is a unique stratum of depth zero, and call this stratum X, the regular part of X. It is necessarily open and dense. The dimension of X is defined to be the dimension of X. We say that X is a pseudomanifold if every singular stratum has codimension at least two.
The way the strata fit together is described, following Mather, by a set of 'control data' assigning to each stratum Y i a triple (T i , π i , ρ i ). Here T i is an open neighborhood of Y i in X, called a tubular neighborhood, π i is a continuous retraction π i : T i −→ Y i , and ρ i : T i −→ R + is a continuous 'defining function for the stratum' satisfying Y i = {ρ i = 0}. These maps can only be required to be continuous, since the stratified space itself is not smooth. However we do demand that, whenever Y i ⊆ Y j , the map (π i , ρ i ) :
is a smooth submersion. As this suggests, the tubular neighborhood T i is a locally trivial fiber bundle over Y i . Indeed it follows from Thom's 'first isotopy theorem,' an extension of Ehresmann's theorem for stratified maps, that the map π i : T i −→ Y i is a continuous fiber bundle with typical fiber the cone over a stratified space, Z i , known as the 'link' of X at Y i . Again the lack of smoothness of X means that we can only require this fibration to be continuous. Nevertheless, there is an underlying smooth fibration.
For example in the case of a stratified space with a single singular stratum Y ⊆ X the control data induces a smooth fibration of T ∩ {ρ = ε} over Y with fiber Z, and the neighborhood T itself is homeomorphic to the mapping cylinder of this smooth fibration. Another way of thinking about this is to note that the set X = X \ {ρ ≤ ε} is a smooth manifold with boundary, its boundary fibers over Y with fiber Z, and the interior of X is diffeomorphic to the regular part of X. We call X the resolution of X. There is a natural map
given by collapsing the fibers of the boundary fibration. Changing ε yields diffeomorphic spaces, so a more invariant way of making this construction is to replace Y in X with its inward-pointing spherical normal bundle, a process known as the 'radial blow-up of X along Y. ' This process of replacing X by X is already present in Thom's seminal [Tho69] , and versions of it have appeared in Verona's 'resolution of singularities' [Ver84] and the 'déplissage' of BrasseletHector-Saralegi [BHS91] . These constructions show that any stratified space as described above (a Thom-Mather stratification) can be replaced with an equivalent smooth manifold, possibly with corners. Our version of this fact, described in [ALMP12, §2] , is to replace X through a sequence of radial blow-ups with a manifold with corners carrying the following structure, identified by Richard Melrose: Definition 1.1. An iterated fibration structure on a manifold with corners X is a collection of fibrations, one for each boundary hypersurface H of X, φ H : H −→ Y H . If two boundary hypersurfaces H 1 , H 2 intersect they participate in a commutative diagram of fibrations
The constructions in [BHS91] and [ALMP12] show that any space X with a Thom-Mather stratification has a resolution to a manifold with corners X carrying an iterated fibration structure and a 'blow-down map' β : X −→ X which is continuous, surjective, and restricts to a diffeomorphism between the interior of X and the regular part of X. The boundary hypersurfaces H of X are in one-to-one correspondence with the singular strata of X; indeed, the boundary fibration of H is over a singular stratum Y of X, and the fiber of the fibration is the resolution of the link Z of X at Y. There are many advantages of working with X over X, especially for doing analysis (see [ALMP12, ALMP13] ). One advantage is that the resolution X picks out a particularly well-behaved subset of functions on X. Definition 1.2. Given a smoothly stratified pseudomanifold X with resolution X, let
H f H } where i H : H → X denotes the natural embedding and
There is a partition of unity of X consisting entirely of functions from C ∞ ( X).
Another big advantage of working with X is that we can make use of all of the standard machinery of smooth differential geometry. Since our object of study is X it is important to make constructions consistent with the iterated fibration structure of X. Thus, an iterated wedge metric (or iterated incomplete edge or iie metric) is a Riemannian metric on X that degenerates at each boundary hypersurface by collapsing the fibers. Inductively, an iie metric g on a smooth manifold is a Riemannian metric, and on a general manifold X with an iterated fibration structure is one that near the boundary hypersurface H has the form
H g Y H where we have trivially extended the fibration φ H to a collar neighborhood of H. Here x is a boundary defining function for H, meaning a smooth non-negative function on X vanishing linearly on its zero set, H, g Y H is a metric on the base of the fibration and g Z restricts to each fiber of φ H to be an iie metric on Z. (See [ALMP12] for more details; in this paper we will work exclusively with rigid iie metrics like these without further comment.)
These metrics and the corresponding dual metrics are degenerate on T X and T * X, respectively. However there are rescaled versions of these bundles on which these metrics define non-degenerate bundle metrics. We can describe the iie-cotangent bundle iie T * X efficiently by specifying its space of sections
iie T * X) = {ω ∈ C ∞ ( X; T * X) : |ω| g is pointwise bounded}, so that in local coordinates near H it is spanned by dx, dy, xdz where y is a local coordinate along Y H and z is a local coordinate along the fibers of φ H . The iie-tangent bundle iie T X is the dual bundle of iie T * X. An important fact is that iie T * X restricted to the interior of X is canonically isomorphic to the cotangent bundle of X, the regular part of X. Thus when studying differential forms on X we can equally well work with sections of Λ * ( iie T * X). This has several advantages when analyzing the behavior of the exterior derivative d and the de Rham operator ð dR = d + δ of an iie-metric. For example it brings out some remarkable symmetry and inductive structure of these operators at each boundary hypersurface. This is exploited in [ALMP12] and [ALMP13] to study geometrically natural domains for these differential operators when acting on L 2 .
Let ( X, g) be a stratified pseudomanifold with an iie metric, and let L 2 (X; Λ * iie T * X) denote the Hilbert space of differential forms on X with respect to the induced measure. The operator ð dR = d + δ is initially defined as a linear operator
and has two canonical extensions to a closed unbounded operator on L 2 . The first is the minimal domain
and the second is the maximal domain
where ð dR ω is evaluated distributionally. These are adjoint domains and if they coincide we say that ð dR is essentially self-adjoint. There are two obstructions to these domains coinciding. The first is geometric. An iie metric g on X induces an iie metric on each link Z of X, and so a corresponding de Rham operator ð Z dR . Often a closed domain for ð dR will induce a closed domain for each ð Z dR and the small eigenvalues of ð Z dR obstruct essential self-adjointness of ð dR . Fortunately it is easy to avoid these small eigenvalues by working with 'properly scaled' metrics, see [ALMP12, §5.4], [ALMP13, §3.1], and we will always assume that we have done this.
The second obstruction is topological. For example, if all of the links are odd-dimensional then for a suitably scaled iie metric the de Rham operator is essentially self-adjoint. The precise condition needed was formulated by Siegel [Sie83] . A Witt space is a pseudomanifold X such that every even-dimensional link Z satisfies IH
where IH m * is the upper middle perversity intersection homology of Goresky-MacPherson [GM80] . These are precisely the spaces where a suitably scaled iie metric has essentially self-adjoint de Rham operator.
Suppose that Y 1 , . . . , Y T are the singular strata of X organized with non-decreasing depth, so that the link of X at Y 1 is a smooth manifold Z 1 , say of dimension f 1 . We denote by H i the boundary hypersurface of X lying above Y i . The iie metric g on X induces a Riemannian metric on each Z 1 and we say that g is suitably scaled at Y 1 if each ð Z 1 dR has non non-zero eigenvalues with absolute value less than one. For these metrics, in [ALMP13] we prove that any element u ∈ D max (ð dR ) has an asymptotic expansion at Y 1 ,
in terms of a boundary defining function x for H 1 , however the terms in this expansion are distributional,
Here
is the bundle over Y 1 with typical fiber H f 1 /2 (Z 1 ), the Hodge cohomology group of Z 1 with its induced metric. It has a natural flat connection discussed in detail below §3.1 and it inherits a metric. The stratum Y 1 is a Witt stratum of X if the group H f 1 /2 (Z 1 ) is trivial. Otherwise the distributional differential forms α(u), β(u) serve as 'Cauchy data' at Y 1 which we use to define Cheeger ideal boundary conditions. For any subbundle
x xY 1 that is parallel with respect to the flat connection, we define
Canonical choices are to take W 1 equal to the zero section or The null space of ð Z 2 dR with this domain is finite dimensional and denoted H * W 1 (Z 2 ). These spaces form a bundle over Y 2 , H *
which is again naturally endowed with a flat connection and a bundle metric. We prove in [ALMP13] that every differential form u ∈ D max,W 1 (ð dR ) has a distributional asymptotic expansion at Y 2 ,
where now x is a boundary defining function for H 2 , f 2 is the dimension of Z 2 , and
Thus to define Cheeger ideal boundary conditions at Y 2 , compatibly with the choice at Y 1 , we need to choose a flat subbundle
y y r r r r r r r r r r r Y 2 and then we set
One can now continue inductively.
Definition 1.3. Let ( X, g) be a pseudomanifold with an iie metric. A collection of bundles
is a (Hodge) mezzoperversity adapted to g if, inductively, at each q ∈ Y i the operator ð Z i q dR with its induced domain does not have any non-zero eigenvalues of absolute value less than one, and each W i is a flat subbundle
Every Hodge mezzoperversity W on X induces a Hodge mezzoperversity on each link Z which we denote W(Z).
Every mezzoperversity induces a closed self-adjoint domain for ð dR ,
Fredholm with discrete spectrum, facts already used in the inductive definition of the mezzoperversity. We denote the corresponding Hodge cohomology groups by H * W ( X) or H * W ( X; g) when we want to consider the dependence on the metric.
We can also use a mezzoperversity to define domain for the exterior derivative as an unbounded operator on L 2 differential forms. Namely, we take the closure of D W (ð dR ) in the graph norm of d,
Similarly we define D W (δ) and show that these domains are mutually adjoint and satisfy
An important feature of these domains is that, if we denote
forms a complex. We denote the corresponding de Rham cohomology groups by H * W ( X). We prove in [ALMP13] that these groups are independent of the choice of metric and that there is a canonical isomorphism H * W ( X) ∼ = H * W ( X). A de Rham mezzoperversity is defined like a Hodge mezzoperversity but using de Rham cohomology groups instead of Hodge cohomology groups. Note that we need an iie metric to talk about a Hodge mezzoperversity, since it involves bundles of harmonic forms. However, as we will recall below, the de Rham cohomology groups are metric independent, so we can talk about a de Rham mezzoperversity without reference to a particular metric. Since we can think of a de Rham mezzoperversity as an equivalence class of Hodge mezzoperversities, with the advantage of being metric independent, we will often denote a de Rham mezzoperversity by [W] .
In more detail, suppose that ( X, g, W) and ( X, g ′ , W ′ ) are Hodge mezzoperversities with adapted iie metrics, say
Since g and g ′ are quasi-isometric over X as metrics on iie T X, we have
The 
Twisted de Rham operators and induced domains
Let g be an iie metric on X and let ð dR = d + δ be the corresponding de Rham operator. If
is a linear combination of the exterior product by df and the interior product by ∇f, and hence is a bounded operator on L 2 (X; Λ * iie T * X). It follows that u ∈ D max (ð dR ) implies f u ∈ D max (ð dR ) and, since there is a partition of unity consisting of functions in C ∞ ( X), we have
We will say that a domain for the de Rham operator is a local domain if it satisfies (2.1). Directly from their definition, D min (ð dR ) and D W (ð dR ) are local domains for any mezzoperversity W.
Consider a covering of a stratified space
where Γ is a countable, finitely generated, finitely presented group, with classifying map r : X −→ BΓ. In [ALMP12] we made use of the following fact: if
is a distinguished neighborhood of a point q ∈ X, then the induced Γ-coverings over U q and over C(Z) are trivial (since the cone induces a nullhomotopy). It follows that if we have a representation of Γ on R N and we form the flat bundle E = X ′ × Γ R N and the twisted de Rham operator ð E dR then over a distinguished neighborhood we can identify
since not only the bundle E is trivial over U q but also its connection. (In this last equality and below we abuse notation, as we should more correctly conjugate ð E dR by the identification of E Uq with
We can use this to define a domain for ð E dR for each mezzoperversity W. Indeed, on any distinguished neighborhood we have L 2 (U q ; E) = L 2 (U q ) N , so it makes sense to define
is local by construction. In the same way, let us denote the flat connection on E by d E and define
Since, by construction, these domains are just copies of the untwisted domains near each singular stratum, Theorem 5.6 in [ALMP13] implies the following:
Theorem 2.1. Let (X, g, W) be a stratified pseudomanifold endowed with an iie-metric g and adapted Hodge mezzoperversity. Let Γ be a countable, finitely generated, finitely presented group, X ′ −→ X a Γ covering, and E −→ X a flat bundle associated to an orthogonal representation A key fact for this paper is that all of the above is true if we replace the finite rank bundle E −→ X with certain bundles of projective finitely generated modules over a C * -algebra. Let us assume that we have a Γ-covering as above, but now consider the action of Γ on C * r Γ, the reduced C * -algebra of Γ (i.e., the closure of the algebra of operators generated by the elements of Γ in the left regular representation), to define a bundle G (r) of free left C * r Γ-modules of rank one:
The vector space of smooth sections with compact support of the bundle Λ * iie T * X ⊗ G (r) → X is endowed with the (usual) C * r Γ−scalar product defined by:
Its completion with respect to ·; · is denoted L 2 (X; Λ * iie T * X ⊗ G (r)). (Note that this notation is slightly different from that employed in [ALMP12] .) The trivial connection on C * r Γ × X ′ induces a flat connection on G (r), and we denote the corresponding twisted exterior derivative (i.e., the flat connection) by d G (r) and the twisted de Rham operator by ð G (r) dR . As above, we can use localization to define a domain
Theorem 2.2. With the notations of the previous theorem, the operator (ð
Stratified homotopy invariance of twisted de Rham cohomology
We define morphisms between iterated fibration structures and show that they induce pullback maps on L 2 -cohomology. Iterated edge metrics are used both to define the cohomologies and to define the pull-back map. We show that a (smooth strongly stratum preserving) stratified homotopy equivalence induces an equivalence in L 2 -cohomology. For stratified diffeomorphisms, this map is just pull-back of differential forms, but for a general homotopy equivalence we use the 'Hilsum-Skandalis replacement' construction from [ALMP12] .
3.1. Gauss-Manin connection. It will be useful to have a more invariant description of the flat connections on the vertical cohomology bundles of the links, so we start by describing this.
Let ( X, g, W) be a stratified pseudomanifold equipped with an iie metric and a (de Rham) mezzoperversity W. Each hypersurface H i of X, the resolution of X, is the total space of a fibration
with fiber Z i , the resolution of the link of X at Y i .
For any ℓ ∈ N 0 , the vertical cohomology of L 2 -de Rham cohomology with Cheeger ideal boundary conditions forms a bundle H
and we described in [ALMP13] a flat connection for this bundle using a connection for φ i . This is a version of the Gauss-Manin connection for φ i which, as is well-known [KO68] , can be obtained through the Leray-Serre spectral sequence without using a connection for φ i . We now review this construction in the L 2 -setting.
that does not depend on the choice of iie-metric or on a choice of connection for φ i .
Proof. We describe the smooth construction in parallel to the L 2 construction as the former makes the latter more transparent. Recall that we have shown that the cohomology groups H ℓ W(Z i ) (H i /Y i ) only depend on the de Rham mezzoperversity W(Z i ) and not on the iie metric.
We have a short exact sequences of bundles over H i ,
which induce short exact sequences of sections over H i , e.g.,
For our purposes we need the corresponding sequence for L 2 -differential forms in the domain of d,
It is useful to observe that each of
is a module over φ * C ∞ c (Y ). Note that since we are not imposing boundary conditions on the boundary of Y i , the first nonzero term in (3.2) can be identified with
while the last non-zero term can be thought of as forms whose restriction to each fiber is in
We can make this precise by using the invariance under multiplication by C ∞ c (Y ) to localize to a neighborhood and mollify in Y and thereby obtain a dense subdomain of forms which can be restricted to an individual fiber.
The exact sequence (3.1) induces Cartan's filtration
= degree ℓ differential forms on H i with 'horizontal degree' at least j which can also be described by
where a vector field is vertical when it is a section of T H i /Y i . We similarly obtain filtrations of L 2 differential forms
These filtrations are compatible with the exterior derivative
so there are associated spectral sequences. As in [KO68] we will show that the differential on the E 1 sheet of the spectral sequence yields the connection we are looking for.
We can use (3.1) to compute E 0 , the graded complex associated to the filtration. First note that
that only raises the 'vertical degree'. Moreover since the individual terms in the Cartan filtration are φ * C ∞ c (Y )-modules, this differential is linear over φ * C ∞ c (Y ). This allows us to localize to a contractible neighborhood of Y and identify ∂ j,k 0,C ∞ with the vertical exterior derivative, ∂
The E 1 page is the cohomology of the E 0 page with the induced differential, so by the description of the latter we have
The exterior derivative on H i induces a differential on this page
by restriction from C ∞ (H i ; Λ * iie T * H i ) to the kernel of the composition
. Both of the E 1 pages are closed under exterior product with a form in Ω j c (Y ) and satisfy
1 η with their respective differentials. However this shows that
are connections and that the maps (3.3) are induced by these connections. In particular ∂
is exterior multiplication by the curvature of the connection, and since ∂ 1 is a differential, the connections are flat. We denote these connections by ∇ H in either case. Finally note that the connection on H
is independent of choices since all rigid, suitably scaled, iie metrics yield the same L 2 space and the same
Remark 3.2. It follows from the proof of this lemma that a map on differential forms between the total spaces of two fibrations will induce maps intertwining the Gauss-Manin connection if: i) it commutes with the exterior derivative, and ii) it is compatible with Cartan's filtration, i.e., it takes degree k forms pulled-back from the base to degree k forms pulled-back from the base.
3.2. Iterated fibration morphisms. In [ALMP12] we defined a smooth map between stratified spaces X and M to be a continuous map
In view of Definition 1.2 there is a another natural notion of smooth map, namely to require that
It is easy to see that these definitions yield the same set of maps.
A smooth map F between X and M is stratum preserving if the inverse image of a stratum is a union of strata. Thus a smooth stratum preserving map is equivalent to a b-map
preserving the iterated boundary fibration structures, for brevity we will refer to such a map as a morphism between X and M . The differential of a morphism extends by continuity from the interior to a map between the iterated edge tangent bundles
and we will say it is an ie-submersion if this map is surjective when restricted to the interior. One example is provided by a boundary fibration of an iterated fibration structure. Indeed, if
H is a boundary hypersurface of M with boundary fibration H φ − − → Y then both H and Y inherit boundary fibration structures from M and directly from the definitions we see that φ is a morphism.
An isomorphism of iterated fibration structures is a morphism with an inverse which is also a morphism. For us, a diffeomorphism of stratified spaces X and M is a map f : X −→ M that lifts to an isomorphism of their resolutions. As explained in [ALMP12] , a smoothly stratified space is a stratified space whose cocycles are diffeomorphisms in this sense.
Another important example of morphism is provided by the exponential map of an ie-metric. To start with, the unit ball subbundle ie BM of ie T M with respect to an ie-metric g M on M is a ball-bundle over M which we interpret as an open manifold with an iterated fibration structure as follows. 
It follows that exp M restricts to a map of each fiber of φ, and indeed it is easy to see that this is the exponential map for the induced ie-metric on the fiber, i.e.,
where π is the orthogonal projection.
3.3. Hilsum-Skandalis maps. If X and M are stratified spaces and F : X −→ M lifts to a morphism of iterated fibration structures then pull-back of forms defines a map
which unfortunately need not act continuously on L 2 . However we explained in [ALMP12, §9.3], following [HS90] , how to replace F * with a 'Hilsum-Skandalis map'
which extends to a bounded operator on L 2 . Recall that this map is defined on ie Ω * (and then on iie Ω * ) using an ie-metric g M on M and a Thom form T M for ie BM −→ M, by: first defining π X and B(F ) through the natural diagram
and then setting
We will make use of a boundary version of this map. Let Y X be a singular stratum of X and let F map Y X into Y M a singular stratum of M. With the notation above, the lift of F acting between the resolutions of X and M participates in
The fact that the exponential map on M limits to the exponential map on the fibers of φ M indicates that the map HS(F ) should limit to HS Y X (F ) which we now make precise.
, have the form
where φ ∈ C ∞ ( M ) is a smooth cutoff function, α and β are smooth in B and independent of x M (as sections of iie T * M ), and ω is in x M L 2 (M ; Λ * iie T * M ). Note that α(ω) and β(ω) both necessarily have vertical degree f /2.
Then η = HS(F )ω has an expansion at Y X with leading term
and we have
Proof. First, we can ignore the 'error term' ω, since F being a b-map will pull-back x M to an integer power of x X and so HS(F ) ω will be in x X L 2 (X; Λ * iie T * X). If ψ is a smooth function on M that is constant on the fibers of the boundary fibration, then HS(F )(ψ) is a smooth function on X that is constant on the fibers of the boundary fibrations. Indeed, the value of HS(F )(ψ) at a point on the fiber over q ∈ Y X is an average of the values of ψ on the fiber over F (q) ∈ Y M , but ψ is constant on the fibers.
In particular, HS(F )(φ) will be a smooth cut-off function on X with support in a distinguished neighborhood U q of q, and independent of x X in a small enough distinguished neighborhood of q.
Next note that since α(ω) is independent of x M as a section of iie T * M, x
is naturally a section of Λ * iie T * H M , and so the right hand side of (3.6) makes sense. In fact it is convenient to interpret both
as sections of Λ * iie T * H M pulled-back to U F (q) , which we denote j * Λ * iie T * H M . The function p = exp M • B(F ) is smooth down to {x X = 0} where it restricts to
Given a section γ of j * Λ * iie T * H M , we can pull it back by either p or p 0 , and clearly we have
This shows that p * (x −f /2 α(ω)) will have vertical degree f /2 at x X = 0, and so the left hand side of (3.6) makes sense and is naturally interpreted as a section of Λ * iie T * H X . It also establishes the equality (3.6).
3.4. Pull-back of mezzoperversities. Let ( X, g X ) and ( M , g M ) be stratified spaces endowed with iie metrics and resolutions X and M respectively. A smooth strongly stratum preserving map, or strong morphism, is a morphism F : X −→ M such that the codimension of a stratum of M coincides with the codimension of its inverse image in X. Given a strong morphism we use the boundary Hilsum-Skandalis maps to define the pull-back of a mezzoperversity from M to X and then show that it is a mezzoperversity on X. Note that, at each stratum Y i X and each q ∈ Y i X , the induced map on the fibers
is itself a strong morphism. Indeed, it is clearly a smooth map and the 'strong' assumption is that it preserves the dimension of the links, but 'the link of a link is a link' so this is automatic.
In particular, since the fibers Z 1 X are depth zero stratified spaces so are their images, i.e., they are both smooth closed manifolds. For q ∈ Y 1 X , it follows from [ALMP12] and is easy to see directly, that HS( F q ) induces a map in de Rham cohomology, [HS( F q )], that only depends on the homotopy class of F q . We define
Notice that the pull-back maps HS( F q ) fit together to form HS Y 1 X ( F ) which, from (3.4) and (3.5) satisfies
It follows, by Remark 3.2, that the map HS Y 1 X ( F ) intertwines the Gauss-Manin connections. Thus
with its natural flat structure. Reasoning in the same way, if we define
with its natural flat structure. Moreover it follows from Lemma 3.3 that
Now since HS(F ) intertwines d M and d X and is a bounded map on L 2 , it follows that we can replace the domain on the left with its graph closure with respect to d M and obtain
These considerations suggests the following definition and theorem, and indeed constitute most of the proof for depth one pseudomanifolds.
Definition 3.4. At the non-Witt strata of X we define
and we refer to the set
as the pull-back of the mezzoperversity W M by F.
Theorem 3.5. Let X, M , F be as above. The pull-back of a mezzoperversity W M on M is itself a mezzoperversity on X,
The Hilsum-Skandalis replacement of F satisfies
and hence defines a map in de Rham cohomology
This map is unchanged by varying F smoothly through strong morphisms.
Proof. If X has depth zero, that is, if X is a smooth closed manifold, then since F is strongly stratum preserving it must map into the smooth part of M and the theorem is classical. Let us inductively suppose that we have established the theorem for spaces of depth less than the depth of X. At each singular stratum Y i X of X, point q ∈ Y i X , and for each ℓ ∈ N 0 , define
since Z i X has depth less than that of X, by our inductive hypothesis this is a subspace of H
((Z i X ) q ). By homotopy invariance these spaces together form a vector bundle
which is flat with respect to the natural flat structure of H
, and so W X is a mezzoperversity on X.
At each stratum of X, Lemma 3.3 shows that
As above, we can replace the domain on the left with its graph closure with respect to d M and obtain
Thus we have a map in de Rham cohomology (3.7). If we vary F smoothly through smooth strongly stratum preserving maps, then we can use [ALMP12, Lemma 9.1] to see that the map in cohomology is unchanged. (Note that although [ALMP12, Lemma 9.1] is stated for homotopy equivalences, the construction does not use more than that the map is smooth and strongly stratum preserving.)
Finally, let us discuss the important case of a stratified homotopy equivalence.
Theorem 3.6. Let ( X, g X ), ( M , g M ), and ( J, g J ) be pseudomanifolds endowed with iie metrics. Let F : X −→ M and G : M −→ J be smooth strongly stratum preserving maps, and let W J be a de Rham mezzoperversity on J. Then we have
and a commutative diagram
% % ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲
In particular, if F : X −→ M is a stratified homotopy equivalence then [HS(F )] is an isomorphism.
Proof. This follows from [ALMP12, Lemma 9.2] where we showed that [HS(G • F )] = [HS(F )] • [HS(G)].
3.5. Twisted cohomology. In this section we will explain how the constructions above define a pull-back map on twisted cohomology.
Let ( M , g M , W M ) be a pseudomanifold with an iie metric and de Rham mezzoperversity. As in §2, let Γ be a countable, finitely generated, finitely presented group, let r : M −→ BΓ be a classifying map that is smooth on M, and E −→ M an associated flat vector bundle. As described above this defines a closed domain for the flat connection (which we think of as a twisted exterior derivative)
with corresponding twisted de Rham cohomology groups, H * W M ( M ; E). Now assume as in §3.2 that ( X, g X ) is another pseudomanifold with an iie metric and that
is a smooth strongly stratum preserving map. The map F • r : X −→ BΓ defines a flat bundle F * E −→ X which is just the pull-back bundle of E with its pulled-back connection. We also have the pulled-back mezzoperversity W X = F ♯ W M and we can assume without loss of generality that the metric g X is adapted to W X .
It is straightforward to see that the Hilsum-Skandalis replacement of F constructed above extends to a map HS(F ) :
Directly from its definition, the domain D W M (d E ) near a boundary hypersurface is just N copies of the domain D W M (d M ), so from Theorem 3.5 we can see that HS(F ) will map it into D W X (d F * E ), and thus ultimately induce a map in cohomology. Just as above, the same considerations work if we use the canonical representation of Γ on C * r Γ; we end up with a pull-back map from the differential forms on M twisted by G (r) to the differential forms on X twisted by G (F • r).
Theorem 3.7. Let X, M , F, and E be as above. The Hilsum-Skandalis replacement of F satisfies
and the corresponding map in de Rham cohomology
is unchanged by varying F smoothly through smooth strongly stratum preserving maps and is an isomorphism if F is a stratified homotopy equivalence. Another natural extension of HS(F ) satisfies
and the induced map
is unchanged by varying F smoothly through smooth strongly stratum preserving maps and is an isomorphism if F is a stratified homotopy equivalence.
The analytic signature of a Cheeger space
Let ( X, g X ) be an oriented pseudomanifold with an iie metric, and define the intersection pairing of L 2 -differential forms by
Every mezzoperversity W on X has an associated dual mezzoperversity DW [ALMP13, §6]. The simplest characterization of DW is to point out that if g X is adapted to W then the Hodge star induces a bijection * : Let X be a Cheeger space and W a self-dual mezzoperversity with an adapted iie metric g. In this case the intersection pairing is a non-degenerate pairing
and so in the usual way induces an involution on the complexified differential forms
The +1 eigenspace is known as the space of self-dual forms while the −1 eigenspace is the space of anti-self-dual forms. If X is even dimensional, the signature operator is just the de Rham operator (extended to complexified forms) and decomposes with respect to the eigenspaces of τ,
If X is odd-dimensional, the signature operator is
In either case it follows from [ALMP13, Theorem 6.6] that the operator
is closed, self-adjoint, and has compact resolvent. In even dimensions ð + sign and ð − sign are mutually adjoint and the Fredholm index of the former is equal to the signature of the quadratic form (4.1).
In this section we will show that this signature depends only on the Cheeger space X itself. We will also prove analogous statements for the twisted 'higher' signature operator.
From now on we assume that all spaces are oriented and all representations are over the complex numbers.
K-homology classes.
We start by using the results from [ALMP12] recalled above to see that given ( X, g, W), a Cheeger space with a self-dual mezzoperversity and an adapter iie-metric, the corresponding signature operator defines a K-homology class in K * ( X) = K K * (C( X), C). This extends the construction from [ALMP12] and [MW97] for Witt spaces.
Recall [BJ83, Bla98] that an even unbounded Fredholm module for C( X) is a pair (H, D) satisfying (1) D is a self-adjoint unbounded operator acting on the Hilbert space H, which also has an action (unitary * -representation) of C( X);
(2) C( X) has a dense * -subalgebra A whose action preserves the domain of D and satisfies a ∈ A =⇒ [D, a] extends to a bounded operator on H;
(3) Id +D 2 is invertible with compact inverse; (4) There is a self-adjoint involution τ on H commuting with C( X) and anti-commuting with D. An odd Fredholm module for C ( X) is a pair (H, D) satisfying all but the last of these conditions.
In view of this definition we point out that the class of functions C ∞ ( X) from Definition 1.2 form a dense subset of C( X) (e.g., by the Stone-Weierstrass theorem). We also point out that, from Proof. In the notation above, we take H = L 2 (X; iie Λ * X), endowed with the natural representation of C( X) by multiplication operators, 
. We omit the details since they are a repetition of the ones given in [Hil85] .
We can carry out the same construction for the signature operator twisted by a flat C-vector bundle as we have considered above. However the machinery of K-homology makes this unnecessary; indeed the class [ð sign,W ] determines the index of the signature operator with coefficients in E.
Coefficients in a bundle of C * -algebra modules does require a different, though formally very similar, construction. Thus let ( X, g, W) be a Cheeger space with a self-dual mezzoperversity and an adapted iie metric, and let r : X −→ BΓ be a classifying map for a Γ-covering with Γ a finitely generated discrete group. Let G (r) be the flat bundle associated to r with fiber C * r Γ. First note that exactly as above we have a twisted signature operator, (ð
sign )), which is closed, Fredholm, and self-adjoint and whose domain is C * r Γ-compactly included in L 2 (X; Λ * iie T * X⊗ G (r)). As in [ALMP12, Proposition 6.4] these facts can be comined with arguments of Skandalis, published in [RW93] , to prove the following theorem: Theorem 4.3. Let ( X, g, W), r : X −→ BΓ, and G (r) be as above.
• If D is the operator (ð
sign )), then Id +D 2 is surjective (i.e., D is a 'regular' operator).
• The operator D and the C * r Γ-Hilbert module L 2 (X; Λ * iie T * X ⊗ G (r)) define an unbounded Kasparov (C, C * r Γ)-bimodule and thus a class in K * (C * r Γ). We call this the index class associated to D and denote it by
That is, the index class of the higher signature operator is the Kasparov product of
Corollary 4.4. Let β : K * (BΓ) → K * (C * r Γ) be the assembly map; let r * [ð sign,W ] ∈ K * (BΓ) the push-forward of the signature K-homology class. Then
Proof. Since Ind(ð
, this follows immediately from the very definition of the assembly map, see [Kas88, Kas93] .
We point out that so far all of our constructions depend on (g, W), though they are unchanged under a homotopy of this data.
Stratified homotopy invariance of the analytic signature.
Let ( M , g M , W M ) be an orientedCheeger space with a self-dual mezzoperversity and an adapted iie-metric. Let X be an oriented Cheeger space and F : X −→ M an orientation-preserving stratified homotopy equivalence, W X = F ♯ (W M ) and g X an adapted iie-metric. We have already shown that the de Rham cohomology groups are stratified homotopy invariant, so that
Each of these cohomology spaces has a quadratic form (4.1) and it is a priori not clear what if any relation the two quadratic forms will have. This is, however, exactly the situation for which the Hilsum-Skandalis replacement was formulated. We can use [ALMP12, Proposition 9.3] (cf. [HS90, Lemma 2.1]) to see that the signature of H * W X ( X) is equal to the signature of H * W M ( M ) with their respective quadratic forms.
We also have the corresponding result for the signature operator twisted by a flat bundle of projective C * -modules.
Theorem 4.5. Let ( M , g M , W M ) be an oriented Cheeger space with a self-dual mezzoperversity and an adapted iie-metric. Let X be an oriented Cheeger space and F : X −→ M an orientationpreserving stratified homotopy equivalence, W X = F ♯ (W X ) and g X an adapted iie-metric. Let Γ be a countable, finitely generated, finitely presented group and let r : M −→ BΓ be a classifying map. We have an equality Ind(ð
and denote the adjoint of an operator T with respect to Q X by T ′ . From [HS90, Lemma 2.1], it suffices to show that:
There is a bounded operator Υ on a Hilbert module associated to M , acting on
We have established (a) and (b) in Theorem 3.7. The computations in the proof of Proposition 9.3 in [ALMP12] show that Id −HS(
, with Υ constructed in [ALMP12, Lemma 9.1], and we can check that it preserves D W (d G (r) ). Finally, for (d), it suffices to take εu = (−1) |u| u, on all forms u of pure differential forms degree |u|.
Bordism invariance of the analytic signature.
We will define a bordism between stratified pseudomanifolds with self-dual mezzoperversities, that is Cheeger spaces. The corresponding topological object was introduced by Banagl in [Ban02] where it was denoted Ω SD * , and was later considered by Minatta [Min06] where it was denoted Sig, short for 'signature homology.' Definition 4.6. If M is a topological space, we denote by Sig an n (M ) the bordism group of four-tuples ( X, g, W, r : X −→ M ) where X is an oriented Cheeger space of dimension n, W is a self-dual Hodge mezzoperversity, g is an adapted iie metric, and r : X −→ M is a continuous map.
An admissible bordism between ( X, g, W, r :
i) a smoothly stratified, oriented, compact pseudomanifold with boundary X , whose boundary is X ⊔ X ′ , and whose strata near the boundary are collars of the strata of X or X ′ , ii) an iie metric G on X that near the boundary is of the form dx 2 + g or dx 2 + g ′ , iii) an adapted self-dual mezzoperversity W that extends that of X and X ′ , iv) a map R : X −→ M that extends r and r ′ .
If M is a point, we will leave off the trivial maps r : X −→ {pt} from the descriptions of the elements of Sig an n (pt).
Theorem 4.7. If ( X, g, W) and ( X ′ , g ′ , W ′ ) are cobordant then their L 2 signatures coincide,
and so the L 2 signature defines a map
Similarly, for any finitely generated discrete group, Γ, the index of the twisted signature operators defines a map (4.5) Sig an * (BΓ) −→ K * (C * r Γ; Q). We point out that the spaces Sig an n (M ) form an Abelian group (under disjoint union) and the signature maps are group homomorphisms.
Proof. Let (X , G, W ) be a bordism between (X, g, W) and (X ′ , g ′ , W ′ ), analogously to Theorem 4.2 we can show that ð X sign,L defines an unbounded Fredholm (C 0 (X ), C) bi-module and thus a class in K K 1 (C 0 (X ), C) = K 1 (X , ∂X ). Since the metric and self-dual mezzoperversities are "collared" near the boundary of X , the same proof as in the Witt case applies to show that
in the long exact sequence induced by i : ∂X ֒→ X . The difference in the signatures of (X, g, W) and
A similar argument [ALMP12, §7] works in the presence of a finitely generated discrete group, Γ. Given (X , G, W , R : X −→ BΓ), let ∂W = W ∂X and ∂R = R ∂X . We argue as above but now
, and the fact that δ[ð
4.4. The analytic signature does not depend on the mezzoperversity. In [Ban06b] , Banagl gave a clever argument to show that the signature of a self-dual sheaf on an L-space (a topological version of a Cheeger space, see below and [ABLMP13] ) is the same for every self-dual sheaf. We now show that the same argument works in the analytic setting, and we will later make use of this result to connect the topological and analytic signatures. In particular, we will show that if ( X, g, W) is a Cheeger space with a self-dual mezzoperversity W and an adapted metric, then the L 2 -signature depends only on X and not on g or W.
Theorem 4.8. Let X be a Cheeger space and let (g, W) and (g ′ , W ′ ) be two pairs of self-dual Hodge mezzoperversities with adapted iie-metrics. For any topological space, M, and a map r : X −→ M,
Proof. Let us consider the pseudomanifold with boundary
Instead of the product stratification, let us stratify X using the strata of X as follows:
i) The regular stratum of X contributes X × [0, 1] ii) Every singular stratum of X, Y k , contributes three strata to X ,
The lower middle perversity intersection homology of SZ k , when dim Z k = 2j − 1, is given by [Fri09, Pg. 6]
so X always satisfies the Witt condition at the strata Y k × {1/2}. Let us endow X with any iie metric G such that, for some t 0 > 0,
Next we need to endow X with a self-dual mezzoperversity W . Let Y 1 , . . . , Y T be an ordering of the strata of X with non-decreasing depth. Denote
and denote the fiber of, e.g.,
by requiring that the Hodge-de Rham isomorphism identifies all of the fibers. Notice that the vertical L 2 -de Rham cohomology is constant along the fibers of
, by stratified homotopy invariance, so this condition makes sense and determines a flat, self-dual, vector bundle. (Where we are using that self-duality can be checked at the level of de Rham cohomology.) It may be necessary to scale the metric to make it compatible with W 1 − , but this can always be done without changing the metric in a collar neighborhood of ∂X , since the original metrics and mezzoperversities are initially adapted. Once this is done, we can define W 2 − −→ Y 2 × [0, 1/2) in the same way, and inductively define
a self-dual mezzoperversity over X .
(In summary, we extend the metrics g and g ′ arbitrarily to an iie metric G without changing them in collar neighborhoods of the boundary, and then we choose a Hodge mezzoperversity by Finally, define R : X −→ M by R(ζ, t) = r(ζ). The result is a cobordism
This result suggests that we should define a seemingly coarser cobordism theory.
Definition 4.9. If M is a topological space, we denote by Ω Che n (M ) the bordism group of pairs ( X, r : X −→ M ) where X is an oriented Cheeger space and r : X −→ M is a continuous map smooth on X.
An admissible bordism between ( X, r : X −→ M ) and ( X ′ , r ′ :
i) a smoothly stratified, oriented, compact pseudomanifold with boundary X , whose boundary is X ⊔ X ′ , and whose strata near the boundary are collars of the strata of X or X ′ , ii) a map R : X −→ M that extends r and r ′ . We also require that X is a 'Cheeger space with boundary' in that it carries a self-dual mezzoperversity.
There is an obvious forgetful map F : Sig an n (M ) −→ Ω Che n (M ) and the theorem shows that this map is an isomorphism.
Corollary 4.10. Every Cheeger space X has a well-defined analytic signature, σ an ( X), equal to the index of the signature operator (ð sign , D W (ð sign )) for any choice of self-dual mezzoperversity W and adapted iie metric g. The signature defines a homomorphism
.
Moreover if Γ is a finitely generated discrete group then for any smooth map r : X −→ BΓ there is a signature in K 0 (C * r Γ; Q) depending on no other choices. This signature defines a map
where W is any self-dual mezzoperversity on X.
We can combine this with Theorem 4.5 to see that if X and M are Cheeger spaces and We use the results of the previous section to show that it is independent of choices and intrinsic to the Cheeger space. Assume that X is a Cheeger space and W a self-dual mezzoperversity, X can be embedded in R m for m ≫ 1. As in [GM80] any continuous map F : X −→ S 2q (2q even integer) can be arranged via a homotopy to be the restriction of a smooth map F : R m → S 2q which is transverse to the 'north pole' N .
Lemma 5.1. Any self-dual mezzoperversity W on X induces a self-dual mezzoperversity on F −1 (N ) still denoted W. Thus F −1 (N ) is a Cheeger space and has a signature, independent of the choice of self-dual mezzoperversity W.
Proof. We observe that F −1 (N ) inherits a stratification with strata
The iie metric on X restricts to an iie metric on F −1 (N ) and both of these metrics induce the same metric on each link Z k . Since self-duality of W can be checked using the metric on each link, it follows that the induced mezzoperversity on F −1 (N ) will be self-dual. This proves that F −1 (N ) is a Cheeger space and so the independence of the choice of W is then a consequence of Corollary 4.10.
If 2q is an even integer such that 4q > n + 1, then
where [ X, S 2q ] denotes the set of homotopy classes of continuous maps, and so the map F → σ an (F −1 (N )) yields a map:
and so a class in H 2q ( X; Q). If 4q ≤ n + 1, we pick an integer ℓ > n + 1 such that 4q + 4ℓ > n + ℓ + 1, and then by Künneth we have H 2q+2l ( X × S 2ℓ ; Q) ≃ H 2q ( X; Q). Note that X × S 2ℓ is a Cheeger space.
Definition 5.2. The L-class L( X) of a Cheeger space X is the rational homology class L( X) ∈ H even ( X; Q) defined in the following way. For any even integer 2q such that 4q > n + 1 and any smooth map F : X → S 2q transverse to the North pole N ,
where [F ] denotes the associated cohomology class in H 2q ( X; Q) and σ an (F −1 (N )) is the signature of the Cheeger space F −1 (N ). If 4q ≤ n + 1 then one considers X × S 2ℓ for ℓ ≫ 1 as explained above.
5.2.
The Chern character and the L-class. Let ( X, g, W) be a Cheeger space with a self-dual mezzoperversity and an adapted iie metric. We have seen that the associated signature operator defines a class in K-homology,
and we have defined an L-class of X in the rational homology of X. In this section we extend a result of Cheeger [Che83] and Moscovici-Wu [MW97] relating these two objects, namely the Chern character Ch :
takes one to the other. We start by establishing a preliminary result on finite propagation speed that will be useful in the proof. The next theorem states that the finite speed property stills holds in our setting, despite the fact that the ideal boundary conditions are not preserved by the multiplication by Lipschitz functions. Note that the distance associated to an iie metric satisfies
where f runs over the subset of elements of C ∞ ( X) such that ||g(df |X )|| ∞ ≤ 1. 
) is self-adjoint, the operator e it ð dR defines for any real t a bounded operator on H = L 2 (X; Λ * iie T * X) which preserves D W (ð dR ). We follow Hilsum and his proof of Corollary 1.11 in [Hil89] . We can assume t > 0 at the expense of working with −ð dR instead of ð dR . Consider two Lipschitz functions φ, ψ on X with compact support such that ||g(dφ |X )|| ∞ ≤ 1, ||g(dψ |X )|| ∞ ≤ 1 and dist(supp (φ); supp (ψ)) > t .
We can assume that both φ and ψ are compactly supported in a distinguished neighborhood
It is clear that φ (resp. ψ) is a uniform limit of a sequence (φ k ) (resp. (ψ k )) of elements of C ∞ ( X) satisfying the same properties and having support in a fixed compact subset of U q . Following Hilsum we consider the function h k defined on X by:
Lemma 5.4. There exists δ 0 ∈ (0, ε 0 ] such that for each t ∈ (−δ 0 , δ 0 ) and each k ∈ N * , each stratum has a neighborhood in which h k does not depend on the link variable.
Proof. In a distinguished neighborhood of a point in a singular stratum we have coordinates (x, y, z) such that the metric g has the form:
where a choice of a connection is understood. Observe that this metric is bundlelike and that the fibers in Z define a Riemannian foliation. Let t → (x, y, z; τ, ξ, θ)(t) denote a geodesic in the domain of this chart, where t ∈ [0, a]. If its tangent vector at t = 0 is orthogonal to the fiber in Z then its projection onto the basis will be a geodesic with the same length. One then gets easily the Lemma.
Therefore, the multiplication by each h k preserves the domain D W , and an immediate extension of Lemma 1.10 of [Hil89] shows that ψ k e it ð sign,W φ k = 0 as an operator acting on H. Moreover, the two sequences of multiplication operators (ψ k ) k∈N , (φ k ) k∈N converge in B(H) respectively to the multiplication operators defined by ψ and φ. One then gets immediately ψe it ð sign,W φ = 0 which proves the result. 1+s 2n . We observe that (it) 4n+1 f (t) = (∂ 4n+1 s f )(t). Therefore:
Consider ε ∈ (0, δ 0 /2] and χ ∈ C ∞ (R; [0, 1]) such that χ(t) = 0 for t ∈ [−ε, ε] and χ(t) = 1 for |t| ≥ 2ε. Using integration by parts one checks easily that for any integer k ≥ 2:
for any 'total boundary defining function' ρ and every ε > 0, so one checks easily that
has range in ∩ ε ′ >0 ρ 1−ε ′ H 2n iie . Therefore, using Theorem 5.3 one sees that
The proof of (2) is simpler than that of (1) and is left to the reader. Proof. We follow closely [MW97] and describe only the steps that could exhibit a (modest) new difficulty. Let u ∈ C ∞ (R) be an even function such that the function v(x) = 1 − x 2 u(x) is Schwartz and both u and v have Fourier transforms supported in (−1/4, 1/4). There are smooth functions u, v such that
Note that v is Schwartz and so is the function
For each real t > 0, Theorems 5.3 and 5.5 allow to define the following idempotent
where τ denotes the grading associated with the Hodge star acting on differential forms on X.
Then we define an Alexander-Spanier cycle Λ * {tð sign,W } by setting for any real t > 0:
where f 0 , . . . , f 2q ∈ C( X), q > 0 and Σ 2q+1 is the permutation group of {0, . . . , 2q}.
In the case q = 0 we set:
Thus Λ * {tð sign,W } defines a skew-symmetric measure on X 2q+1 supported in the |t|−neighborhood of the diagonal. For any real t > 0, Λ * {tð sign,W } represents the homology class Ch[ð sign,W ] ( see [MW97, Section 4]). We now follow very closely the proof of Theorem 5.1 of [MW97] . Consider an even integer 2q such that 4q > n + 1. Consider a map F : X → S 2q transverse to the north pole N . There exists an open neighborhood U of N in S 2q such that F −1 (U ) ≃ U × F −1 (N ) and F is isomorphic to the projection to U when restricted to F −1 (U ).
Let u ∈ H 2q (S 2q ; R) be such that u; [S 2q ] = 1. We can represent u by an Alexander-Spanier cocycle φ compactly supported inside U (actually this is why we use Alexander-Spanier cohomology). Then F * (φ), which represents the cohomology class F * (u), is supported inside F −1 (U ). We choose an incomplete conic iterated metric on S 2q × F −1 (N ) which coincides with the metric on X in a neighborhood of the (compact) support of F * (φ). According to Lemma 5.1, the stratified space F −1 (N ) (and thus also S 2q × F −1 (N )) admits a self-dual mezzoperversity W which is induced by the one of X. Therefore we have a signature operator ð sign, W on S 2q × F −1 (N ). An immediate extension of Lemma 4.2 of [MW97] shows, thanks to the finite propagation speed property, that for t > 0 small enough:
where π : S 2q × F −1 (N ) → S 2q denotes the projection. Now, we use the proof of Lemma 4.3 of [MW97] (multiplicative formula). We get:
which proves the result.
We point out that, in particular, this shows that the Chern character of the rational K-homology class [ð sign,W ] is independent of the metric and of the choice of W.
5.3.
Higher signatures of a Cheeger space and the Novikov conjecture.
Definition 5.7. Let X be a Cheeger space. Let Γ = π 1 X and r : X −→ BΓ a classifying map for the universal cover. The higher signatures of X are the collection of rational numbers
From Corollary 4.4, the reduction of the Novikov conjecture for the higher signatures of X reduces to the strong Novikov conjecture for π 1 X exactly as in the classical case (see [ALMP12, Theorem 11 .1]). Recall that the strong Novikov conjecture states that the assembly map β : K * (Bπ 1 X) −→ K * (C * r π 1 X) is rationally injective.
Theorem 5.8. Let X be a Cheeger space. If the strong Novikov conjecture is true for π 1 X, then the higher signatures of X are stratified homotopy invariants. Since we are assuming the strong Novikov conjecture holds for Γ, this implies
Now taking Chern characters and using Theorem 5.6, we see that
But F • r M is a classifying map for the universal cover of X so this proves (5.1).
Relation with the topological signature
The analytic treatment of the signature operator developed in [ALMP13] has a topological analogue developed earlier by Markus Banagl [Ban02] . On an arbitrary topologically stratified non-Witt space, X, he defines a category SD( X) of 'self-dual sheaves' as a way of extending Poincaré Duality. In [ABLMP13] the authors, together with Banagl, develop a topological analogue of the analytic treatment of the de Rham operator from [ALMP13] . A topologically stratified space X is called an L-space if SD( X) = ∅. In [ABLMP13, Proposition 3.3] we show that a smoothly stratified space is a Cheeger space if and only if it is an L-space. Moreover in that case a self-dual mezzoperversity corresponds to Banagl's 'Lagrangian structures.' Every L-space X has a signature which we will denote σ top ( X).
It is defined using a self-dual sheaf complex, but Banagl showed that it depends only on X. If X admits a smooth stratification then it also has the analytic signature defined above, σ an ( X).
We will show that these signatures coincide.
As mentioned above, our cobordism groups Sig an n (pt) are smooth analogues of topological groups first defined in [Ban02] , which we will denote by Sig top n (pt). A class in this group is represented by a pair ( X, S • ) where X is an n-dimensional topologically stratified pseudomanifold and S • is a self-dual sheaf complex. An admissible bordism is a compact oriented topologically stratified pseudomanifold with boundary X together with a sheaf complex in SD(X ) which pushes to the given sheaf complexes over the boundary. Minatta has computed these groups [Min06, Proposition 3.8] (see also [Ban06a, §4] ) by showing that the signature is a complete invariant, (6.1) Sig top n (pt) ∼ = Z if n is a multiple of four 0 otherwise
The proof of (6.1) is to note that if X is an L-space with vanishing signature, then the cone over X is is a compact oriented topologically stratified pseudomanifold with boundary and the self-dual sheaf over X, pulled-back to the interior of the cone, extends to a self-dual sheaf over the entire cone. Thus the topological signature, which is obviously surjective since smooth manifolds are L-spaces, is also injective. In particular, every L-space with a non-zero signature is topologically cobordant to a smooth manifold with that signature.
Notice that we can carry out the same proof to compute the group Sig an n (pt), using either the analytic or topological signatures. Indeed, either of these signatures is surjective since smooth manifolds are Cheeger spaces. The proof of injectivity extends to the smooth context because the cone over a smoothly stratified space admits a smooth stratification. So a Cheeger space with vanishing topological or analytic signature is smoothly nullcobordant. If either the topological or analytic signature is non-vanishing then the Cheeger space is smoothly cobordant to a smooth manifold with that signature. But since the smooth and topological signatures coincide on smooth manifolds, they must coincide on all Cheeger spaces.
Theorem 6.1. The analytically defined signature of a Cheeger spaces coincides with its topological signature σ an ( X) = σ top ( X) and induces an isomorphism Sig an n (pt) ∼ = Sig top n (pt). We defined an analytic L-class above using the analytic signature of submanifolds transverse to the stratification. There is also a topological L-class. Indeed, it follows from [CSW91] that every self-dual complex of sheaves has an L-class in homology which is a topological invariant. Banagl showed that on an L-space, X, the L-class is independent of the choice of self-dual sheaf complex from SD( X) and is defined in the same way as we defined the analytic L-class but using the topological signature. Hence we have: 
